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A CUBIC IDENTITY FOR THE INFELD-VAN
DER WAERDEN FIELD AND ITS APPLICATION.
R. A. Sharipov
Abstract. A cubic identity for the Infeld-van der Waerden field is found and its
application to verifying an explicit formula for the spinor components of the metric
connection is demonstrated.
1. Introduction.
The Infeld-van der Waerden field G is a special spin-tensorial field associated
with the bundle of Weyl spinors SM over the four-dimensional space-time manifold
M in general relativity. Along with the spinor metric d, the Infeld-van der Waerden
field G forms the basic equipment of the spinor bundle SM . In this role d and G
are similar to the metric tensor g of M . The fields d, G, and g are related to each
other through a series of identities, e. g. we have
2∑
r=1
2∑
r¯=1
Grr¯p G
q
rr¯ = 2 δ
q
p,
3∑
q=0
Grr¯q G
q
ss¯ = 2 δ
r
s δ
r¯
s¯ . (1.1)
The identities (1.1) were considered in [1]. They are quadratic with respect to the
components of the Infeld-van der Waerden field G. Here we consider the identity
2∑
s=1
2∑
s¯=1
Grs¯p G
m
ss¯ G
sr¯
q = G
rr¯
p δ
m
q +G
rr¯
q δ
m
p −
3∑
n=0
Grr¯n g
mn gpq +
+
3∑
a=0
3∑
b=0
3∑
n=0
i gpa gqb ω
ambnGrr¯n ,
(1.2)
which is cubic with respect to the components of G.
The metric tensor g is canonically associated with its metric connection Γ. The
metric connection Γ, in its turn, has an extension (Γ,A, A¯) to the spinor bundle
SM . The spinor components Airj of this extension are given by the formula
Airj =
2∑
s¯=1
3∑
p=0
3∑
q=0
Gis¯p Γ
p
rq G
q
j s¯
4
−
−
2∑
s¯=1
3∑
q=0
LΥr(G
is¯
q )G
q
j s¯
4
−
2∑
i¯=1
2∑
j¯=1
LΥr(d¯j¯ i¯) d¯
i¯j¯ δ ij
4
.
(1.3)
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The formula (1.3) was derived in [1] by means of direct, but rather huge calculations.
In this paper we verify this formula with the use of the identity (1.2).
2. Coordinates and frames.
The components of a vector and the components of a tensor are always relative
to some basis. In the case of vectorial and tensorial fields we should have bases at
each point of the space-time manifold M . Thus we come to the concept of a frame.
Definition 1.1. A frame of the tangent bundle TM is a quadruple of vector fields
Υ0, Υ1, Υ2, Υ3 defined in some open domain of M and linearly independent at
each point of this domain.
LetΥ0, Υ1, Υ2, Υ3 be a frame of the tangent bundle TM Then the commutator
[Υi,Υj ] is a vector field that can be expressed through the frame fields:
[Υi,Υj ] =
3∑
k=0
c kij Υk. (2.1)
The coefficients c kij in (2.1) are called the commutation coefficients of the frame
Υ0, Υ1, Υ2, Υ3. They are uniquely determined for any frame.
Definition 1.2. A frame Υ0, Υ1, Υ2, Υ3 of the tangent bundle TM is a called a
holonomic frame if all of its commutation coefficients c kij are identically zero.
Once we take some local coordinates x0, x1, x2, x3 in the space-time manifold
M , we get the holonomic frame of the coordinate vector fields
Υ0 =
∂
∂x0
, Υ1 =
∂
∂x1
, Υ2 =
∂
∂x2
, Υ3 =
∂
∂x3
(2.2)
defined within the domain of the coordinates x0, x1, x2, x3 and naturally associated
to them. Local coordinates and their coordinate frames (2.2) are sufficient for most
calculations in general relativity where no spinors are involved. However, when
dealing with spinors we need to use non-holonomic frames.
Definition 1.3. A frame of the spinor bundle SM is a pair of smooth sections
Ψ1, Ψ2 of SM defined in some open domain of M and linearly independent at
each point of this domain.
Frames of TM are often called spacial frames , while frames of SM are called
spinor frames. Having some spacial frame Υ0, Υ1, Υ2, Υ3 and some spinor frame
Ψ1, Ψ2 with common domain, we can express tensorial and spin tensorial fields
through their components forming multi-indexed arrays. The indices of such arrays
are subdivided into three groups: spacial indices ranging from 0 to 3, spinor indices,
and conjugate spinor indices both ranging from 1 to 2. Indices within each group
can be either upper or lower. The quantities gpq with two lower spacial indices in
(1.2) are the components of the metric tensor g, while the quantities gmn are the
components of the dual metric tensor. The components of these two tensors form
two 4× 4 symmetric matrices inverse to each other:
3∑
r=0
gpr g
rq = δqp . (2.3)
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Similarly, dij and d
ij are the components of the spinor metric and dual spinor metric
respectively. They form 2× 2 skew-symmetric matrices inverse to each other:
2∑
r=1
djr d
ri = δij . (2.4)
The Infeld-van der Waerden field G in (1.1) is presented by the quantities Grr¯p .
It has one upper spinor index r, one upper conjugate spinor index r¯, and one
spacial index p. The quantities G qss¯ are the components of the inverse Infeld-van
der Waerden field. They are produced from Grr¯p by raising the spacial index p and
lowering the spinor and conjugate spinor indices r and r¯:
G qss¯ =
2∑
r=1
2∑
r¯=1
3∑
p=0
Grr¯p g
pq drs d¯r¯s¯. (2.5)
The quantities d¯r¯s¯ in the formula (2.5) are the components of the conjugate spinor
metric d¯ = τ(d). They are related to dij by means of the complex conjugation:
d¯ i¯j¯ = d i¯ j¯ . (2.6)
Similarly, the quantities d¯ i¯j¯ in the formula (1.3) are defined as follows:
d¯ i¯j¯ = d i¯j¯ . (2.7)
The quantities (2.6) and (2.7) form two mutually inverse matrices:
2∑
r=1
d¯j¯r¯ d¯
r¯i¯ = δij . (2.8)
The equality (2.8) is similar to the above equalities (2.3) and (2.4).
The quantities Grr¯p and G
q
ss¯ satisfy the following identities:
Grr¯p = G
r¯r
p , G
q
ss¯ = G
q
s¯s. (2.9)
The identities (2.9) mean that for each fixed p and for each fixed q the quantities
Grr¯p andG
q
ss¯ form two Hermitian matrices. In the coordinate free form the identities
(2.9) are written as τ(G) =G.
Now let’s proceed to the quantities ωambn in the formula (1.2). They are the
components of the dual volume tensor. These quantities are produced from the
components of the volume tensor ω by means of the index raising procedure:
ωambn =
3∑
p=0
3∑
p=0
3∑
r=0
3∑
s=0
ωprqs g
pa grm gqb gsn. (2.10)
Both quantities ωambn and ωprqs in (2.10) can be produced from the components
of the metric tensor and the components of the dual metric tensor with the use of
the Levi-Civita symbol. Indeed, we have the following formula for ωprqs:
ωprqs =
√
− det(gij) εprqs. (2.11)
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Similarly, for ωambn we have the formula
ωambn = −
√
− det(gij) εambn. (2.12)
Regardless of the upper and lower positions of the indices, the components of the
Levi-Civita symbol are given by the formula
εambn = εambn =


0 if at least two of the four indices
a bmn do coincide;
1 if the indices am bn form an even
transposition of the numbers 0 1 2 3;
−1 if the indices am bn form an odd
transposition of the numbers 0 1 2 3.
(2.13)
Note that the space-time manifold M is assumed to be equipped with three geo-
metric structures: the metric, the orientation, and the polarization (see [2]).
The orientation in M means that we can distinguish right and left frames. The
formulas (2.11) and (2.12) are written for right frames. Passing to left frames, we
should change the sign in the right hand sides of them.
Let’s consider the Lie derivatives LΥr in the formula (1.3). In the case of a
holonomic frame (2.2) the operators LΥr coincide with the corresponding partial
derivatives, i. e. LΥr = ∂/∂x
r. In the case of a non-holonomic frame we should
expand Υ0, Υ1, Υ2, Υ3 in some auxiliary holonomic frame:
Υr =
3∑
i=0
Υir
∂
∂xi
. (2.14)
Then the operators LΥr in (1.3) act as the differential operators in the right hand
sides of the formula (2.14). In other words, for LΥr we have the expression
LΥr =
3∑
i=0
Υir
∂
∂xi
(2.15)
formally coinciding with (2.14). The Lie derivatives (2.15) satisfy the relationships
[LΥi , LΥj ] =
3∑
k=0
c kij LΥk . (2.16)
The commutation coefficients c kij in (2.16) are the same as in the formula (2.1).
3. Proof of the identity (1.2).
The proof of the identity (1.2) is similar to that of the identities (1.1) in [1]. It
is based on direct calculations. The matter is that the spinor bundle SM is related
to the tangent bundle TM through canonically associated frame pairs, while the
fields g, d, G, and ω are given by explicit formulas in such frame pairs.
Definition 3.1. A frame Υ0, Υ1, Υ2, Υ3 of the tangent bundle TM is a called
an orthonormal frame if the metric tensor g and its dual metric tensor are given
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by the standard Minkowski matrix in this frame:
gij = g
ij =
∥∥∥∥∥∥∥
1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 −1
∥∥∥∥∥∥∥
. (3.1)
Let’s recall again that M is equipped with the metric, the orientation, and
the polarization. The polarization is a geometric structure that distinguishes the
future half light cone from the past half light cone.
Definition 3.2. A frame Υ0, Υ1, Υ2, Υ3 of the tangent bundle TM is a called
positively polarized if its first vector field Υ0 belongs to the interior of the future
light half cone at each point of its domain.
Definition 3.3. A frame Ψ1, Ψ2 of the spinor bundle SM is a called orthonormal
if the spinor metric d is given by the following matrix in this frame:
dij =
∥∥∥∥
0 1
−1 0
∥∥∥∥ . (3.2)
Due to the definition 3.3 the dual spinor metric is given by the matrix
dij =
∥∥∥∥
0 −1
1 0
∥∥∥∥
in any orthonormal frame of the spinor bundle SM .
According to the definition of the spinor bundle SM (see [1]), each positively
polarized right orthonormal frame Υ0, Υ1, Υ2, Υ3 of the tangent bundle TM is
associated with some orthonormal frame Ψ1, Ψ2 of the spinor bundle SM . Such
frames form canonically associated frame pairs. In any canonically associated frame
pair the Infeld-van der Waerden field G is given by the following Pauli matrices:
Gii¯
0
=
∥∥∥∥
1 0
0 1
∥∥∥∥ = σ0, Gii¯2 =
∥∥∥∥
0 −i
i 0
∥∥∥∥ = σ2,
(3.3)
Gii¯
1
=
∥∥∥∥
0 1
1 0
∥∥∥∥ = σ1, Gii¯3 =
∥∥∥∥
1 0
0 −1
∥∥∥∥ = σ3.
Substituting (3.3), (3.2), and (3.1) into the formula (2.5), we calculate the compo-
nents of the inverse Infeld-van der Waerden field:
G0ii¯ =
∥∥∥∥
1 0
0 1
∥∥∥∥ = σ0, G2ii¯ =
∥∥∥∥
0 i
−i 0
∥∥∥∥ = −σ2,
(3.4)
G1ii¯ =
∥∥∥∥
0 1
1 0
∥∥∥∥ = σ1, G3ii¯ =
∥∥∥∥
1 0
0 −1
∥∥∥∥ = σ3.
And finally, substituting (3.1) into (2.12), we calculate the components of the inverse
volume tensor ω in the right orthonormal frame Υ0, Υ1, Υ2, Υ3:
ωambn = −εambn. (3.5)
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The quantities εambn in (3.5) are defined by the formula (2.13). Now in order to
prove the identity (1.2) it is sufficient to substitute (3.1), (3.3), (3.4), and (3.5) into
(1.2) and verify that this equality is valid for all particular values of the indices p,
q, m, r, and r¯. The following computer code does it for us:
Verification_List:=[]:
for p from 0 by 1 to 3 do
for m from 0 by 1 to 3 do
for q from 0 by 1 to 3 do
for r from 1 by 1 to 2 do
for br from 1 by 1 to 2 do
Equ:=0:
for s from 1 by 1 to 2 do
for bs from 1 by 1 to 2 do
Equ:=Equ+G_ortho[p][r,bs]*Inv_G_ortho[m][s,bs]
*G_ortho[q][s,br]:
od od:
Equ:=Equ-G_ortho[p][r,br]*delta[m,q]
-G_ortho[q][r,br]*delta[m,p]:
for n from 0 by 1 to 3 do
Equ:=Equ+G_ortho[n][r,br]*Inv_g_ortho[m,n]*g_ortho[p,q]:
od:
for a from 0 by 1 to 3 do
for b from 0 by 1 to 3 do
for n from 0 by 1 to 3 do
Equ:=Equ-I*g_ortho[p,a]*g_ortho[q,b]*Inv_omega[a,m,b,n]
*G_ortho[n][r,br]:
od od od:
Verification_List:=[op(Verification_List),evalb(Equ=0)]:
od od od od od:
Upon executing the above code it is sufficient to type
print(Verification_List):
and find that the identity (1.2) is proved for any canonically associated pair of
frames. Due to the tensorial nature of this identity, being proved for some particular
frame pair, it remains valid for arbitrary pairs of frames.
Note that the above code is designed for the Maple1 package. However, it can
be easily adapted for other symbolic computation packages.
4. Other relationships derived from (1.2).
Let’s multiply both sides of the identity (1.2) by Guu¯m and sum it over the index
m. As a result, applying the second identity (1.1), we get
2Gru¯p G
ur¯
q = G
rr¯
p G
uu¯
q +G
rr¯
q G
uu¯
p − 2 d
ru d¯r¯u¯ gpq +
+
3∑
a=0
3∑
b=0
3∑
m=0
3∑
n=0
i gpa gqb ω
ambnGuu¯m G
rr¯
n .
(4.1)
1 Maple is a trademark of Waterloo Maple Inc.
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Symmetrizing the equality (4.1) with respect to p and q, we derive
Gru¯p G
ur¯
q +G
ru¯
q G
ur¯
p = G
rr¯
p G
uu¯
q +G
rr¯
q G
uu¯
p − 2 d
ru d¯r¯u¯ gpq. (4.2)
Alternating the equality (4.1) with respect to the same pair of indices, we obtain
Gru¯p G
ur¯
q −G
ru¯
q G
ur¯
p =
3∑
a=0
3∑
b=0
3∑
m=0
3∑
n=0
i gpa gqb ω
ambnGuu¯m G
rr¯
n . (4.3)
The identities (4.2) and (4.3) taken together are equivalent to (4.1).
5. The metric connection and its spinor components.
The metric connection Γ in M associated with the metric tensor g is a torsion-
free connection satisfying the condition
∇g = 0. (5.1)
The equality (5.1) is known as the concordance condition for the metric and con-
nection. In the coordinate form the torsion-free condition is written as
Γkij − Γ
k
ji = c
k
ij . (5.2)
As for the concordance condition (5.1), it expands to
LΥr(gij)−
3∑
k=0
Γkri gkj −
3∑
k=0
Γkrj gik = 0. (5.3)
The equations (5.2) and (5.3) can be solved with respect to Γkij . They yield
Γkij =
3∑
r=0
gkr
2
(
LΥi(grj) + LΥj(gir)− LΥr(gij)
)
+
+
c kij
2
−
3∑
r=0
3∑
s=0
c sir
2
gkr gsj −
3∑
r=0
3∑
s=0
c sjr
2
gkr gsi.
(5.4)
The only term, which is skew-symmetric with respect to i and j, is c kij/2. Other
terms are either symmetric or have their symmetric counterparts. For this reason,
substituting (5.4) back into (5.2), we find that this equality is identically fulfilled:
Γkij − Γ
k
ji =
c kij
2
−
c kji
2
= c kij .
Applying (5.4) to the second term in (5.3), we derive
−
3∑
k=0
Γkri gkj = −
1
2
(
LΥr(gji) + LΥi(grj)− LΥj(gri)
)
−
−
1
2
3∑
k=0
c kri gkj +
1
2
3∑
s=0
c srj gsi +
1
2
3∑
s=0
c sij gsr.
(5.5)
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The third term in (5.3) differs from the second term by exchanging i and j:
−
3∑
k=0
Γkrj gki = −
1
2
(
LΥr(gij) + LΥj(gri)− LΥi(grj)
)
−
−
1
2
3∑
k=0
c krj gki +
1
2
3∑
s=0
c sri gsj +
1
2
3∑
s=0
c sji gsr.
(5.6)
Adding the formulas (5.5) and (5.6), we find that
−
3∑
k=0
Γkri gkj −
3∑
k=0
Γkrj gki = −LΥr(gij).
This relationship is equivalent to (5.3). Thus, for the connection with the compo-
nents (5.4) we have verified both conditions — the torsion-free condition (5.2) and
the concordance condition (5.3).
The metric connection Γ with the components (5.4) has a spinor extension
(Γ,A, A¯) which is uniquely fixed by the following two concordance conditions:
∇d = 0, ∇G = 0. (5.7)
In the coordinate form the conditions (5.7) are written as follows:
LΥr(dij)−
2∑
k=1
Akri dkj −
2∑
k=1
Akrj dik = 0, (5.8)
LΥr(G
ii¯
p ) +
2∑
k=1
Airk G
ki¯
p +
2∑
k¯=1
Ai¯rk¯ G
ik¯
p −
3∑
k=0
ΓkrpG
ii¯
k = 0. (5.9)
The A-components of the spinor extension of Γ are given by the formula (1.3). Our
next goal is to verify the formula (1.3) by substituting it into (5.8) and (5.9).
Let’s begin with the second term in the formula (5.8). Applying the formula
(1.3) to this term, we derive the following expression for it:
2∑
k=1
Akri dkj =
1
4
2∑
k=1
2∑
s¯=1
3∑
p=0
3∑
q=0
Gks¯p Γ
p
rq G
q
is¯ dkj −
−
1
4
2∑
k=1
2∑
s¯=1
3∑
q=0
LΥr(G
ks¯
q )G
q
is¯ dkj −
1
4
2∑
i¯=1
2∑
j¯=1
LΥr(d¯j¯ i¯) d¯
i¯j¯ dij .
(5.10)
For to transform the first term in the right hand side of (5.10) we use the formulas
2∑
k=1
Gks¯p dkj =
3∑
m=0
2∑
r¯=1
Gmjr¯ d¯
r¯s¯ gmp, Γrqm =
3∑
p=0
gmp Γ
p
rq. (5.11)
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The first formula (5.11) is derived from (2.4), (2.5), and (2.8). The second formula
(5.11) is a notation defining Γrqm. In order to transform the second term in the
right hand side of (5.10) we use the formula
2∑
s¯=1
3∑
q=0
LΥr(G
ks¯
q )G
q
is¯ = −
2∑
s¯=1
3∑
q=0
Gks¯q LΥr(G
q
is¯) (5.12)
This formula is derived by applying the differential operator (2.15) to the second
identity (1.1). Applying (5.11) and (5.12) to (5.10), we get
2∑
k=1
Akri dkj =
1
4
2∑
s¯=1
3∑
q=0
3∑
m=0
2∑
r¯=1
Gmjr¯ G
q
is¯ Γrqm d¯
r¯s¯+
+
1
4
2∑
k=1
2∑
s¯=1
3∑
q=0
Gks¯q LΥr(G
q
is¯) dkj −
1
4
2∑
i¯=1
2∑
j¯=1
LΥr(d¯j¯ i¯) d¯
i¯j¯ dij .
(5.13)
Now we replace m by p in the first term and replace q by p in the second term
in the right hand side of the formula (5.13). This yields
2∑
k=1
Akri dkj =
1
4
2∑
s¯=1
3∑
q=0
3∑
p=0
2∑
r¯=1
G pj r¯ G
q
is¯ Γrqp d¯
r¯s¯+
+
1
4
2∑
k=1
2∑
s¯=1
3∑
p=0
Gks¯p LΥr(G
p
is¯) dkj −
1
4
2∑
i¯=1
2∑
j¯=1
LΥr(d¯j¯ i¯) d¯
i¯j¯ dij .
(5.14)
As a result we can apply the first formula (5.11) to the second term in the right
hand side of the formula (5.14). Then we have
2∑
k=1
Akri dkj =
1
4
2∑
s¯=1
3∑
q=0
3∑
p=0
2∑
r¯=1
G pj r¯ G
q
is¯ Γrqp d¯
r¯s¯+
+
1
4
2∑
s¯=1
2∑
r¯=1
3∑
m=0
3∑
p=0
Gmjr¯ d¯
r¯s¯ gmp LΥr(G
p
is¯)−
1
4
2∑
i¯=1
2∑
j¯=1
LΥr(d¯j¯ i¯) d¯
i¯j¯ dij .
(5.15)
For the sake of beauty we replace m by q in the formula (5.15):
2∑
k=1
Akri dkj =
1
4
2∑
s¯=1
3∑
q=0
3∑
p=0
2∑
r¯=1
G pj r¯ G
q
is¯ Γrqp d¯
r¯s¯+
+
1
4
2∑
s¯=1
2∑
r¯=1
3∑
p=0
3∑
q=0
G qj r¯ d¯
r¯s¯ gpq LΥr(G
p
is¯)−
1
4
2∑
i¯=1
2∑
j¯=1
LΥr(d¯j¯ i¯) d¯
i¯j¯ dij .
(5.16)
Now we proceed to the third term in right hand side of the formula (5.8). In
order to transform it we use the skew symmetry dik = −dki:
2∑
k=1
Akrj dik = −
2∑
k=1
Akrj dki. (5.17)
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Then we can apply the formula (5.16) to (5.17). As a result we get
2∑
k=1
Akrj dik = −
1
4
2∑
s¯=1
3∑
q=0
3∑
p=0
2∑
r¯=1
G pir¯ G
q
j s¯ Γrqp d¯
r¯s¯
−
−
1
4
2∑
s¯=1
2∑
r¯=1
3∑
p=0
3∑
q=0
G qir¯ d¯
r¯s¯ gpq LΥr(G
p
j s¯) +
1
4
2∑
i¯=1
2∑
j¯=1
LΥr(d¯j¯ i¯) d¯
i¯j¯ dji.
(5.18)
Let’s exchange p with q and exchange r¯ with s¯ in the first term in right hand side
of the above formula (5.18). Moreover, let’s do the same in the second term in right
hand side of this formula and take into account the symmetry gqp = gpq and the
skew symmetry d¯ s¯r¯ = −d¯r¯s¯. As a result of these transformations we obtain
2∑
k=1
Akrj dik =
1
4
2∑
s¯=1
3∑
q=0
3∑
p=0
2∑
r¯=1
G qis¯ G
p
j r¯ Γrpq d¯
r¯s¯+
+
1
4
2∑
s¯=1
2∑
r¯=1
3∑
p=0
3∑
q=0
LΥr(G
q
j r¯) gpq G
p
is¯ d¯
r¯s¯
−
1
4
2∑
i¯=1
2∑
j¯=1
LΥr(d¯j¯ i¯) d¯
i¯j¯ dij .
(5.19)
Now let’s add the equalities (5.16) and (5.19). This yields
2∑
k=1
Akri dkj +
2∑
k=1
Akrj dik =
1
4
2∑
s¯=1
3∑
q=0
3∑
p=0
2∑
r¯=1
G pj r¯ G
q
is¯
(
Γrqp+
+Γrpq
)
d¯ r¯s¯ +
1
4
2∑
s¯=1
2∑
r¯=1
3∑
p=0
3∑
q=0
(
LΥr(G
q
j r¯)G
p
is¯ +G
q
j r¯ LΥr(G
p
is¯)
)
×
× d¯r¯s¯ gpq −
1
2
2∑
i¯=1
2∑
j¯=1
LΥr(d¯j¯ i¯) d¯
i¯j¯ dij .
(5.20)
Let’s recall that the differential operator (2.15), when applied to a product, obeys
the Leibniz rule. Then we can perform the following transformations:
2∑
s¯=1
2∑
r¯=1
3∑
p=0
3∑
q=0
(
LΥr(G
q
j r¯)G
p
is¯ +G
q
j r¯ LΥr(G
p
is¯)
)
d¯ r¯s¯ gpq =
=
2∑
s¯=1
2∑
r¯=1
3∑
p=0
3∑
q=0
LΥr(G
q
j r¯ G
p
is¯) d¯
r¯s¯ gpq =
2∑
s¯=1
2∑
r¯=1
3∑
p=0
3∑
q=0
LΥr(G
q
j r¯ ×
×G pis¯ gpq) d¯
r¯s¯
−
2∑
s¯=1
2∑
r¯=1
3∑
p=0
3∑
q=0
G qj r¯ G
p
is¯ LΥr(gpq) d¯
r¯s¯.
Due to (2.3) and (2.8) the first formula (5.11) yields
2∑
a¯=1
2∑
k=1
Gka¯p dkj d¯a¯r¯ =
3∑
q=0
G qj r¯ gpq. (5.21)
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Applying the relationship (5.21), we can continue the above transformations
2∑
s¯=1
2∑
r¯=1
3∑
p=0
3∑
q=0
(
LΥr(G
q
j r¯)G
p
is¯ +G
q
j r¯ LΥr(G
p
is¯)
)
d¯ r¯s¯ gpq =
=
2∑
k=1
2∑
a¯=1
2∑
s¯=1
2∑
r¯=1
3∑
p=0
LΥr(G
ka¯
p G
p
is¯ dkj d¯a¯r¯) d¯
r¯s¯
−
−
2∑
s¯=1
2∑
r¯=1
3∑
p=0
3∑
q=0
G qj r¯ G
p
is¯ LΥr(gpq) d¯
r¯s¯.
Now we can apply the second identity (1.1) to the first term in right hand side of
the above equality. As a result we derive
2∑
s¯=1
2∑
r¯=1
3∑
p=0
3∑
q=0
(
LΥr(G
q
j r¯)G
p
is¯ +G
q
j r¯ LΥr(G
p
is¯)
)
d¯ r¯s¯ gpq =
=
2∑
s¯=1
2∑
r¯=1
LΥr(2 dij d¯s¯r¯) d¯
r¯s¯
−
2∑
s¯=1
2∑
r¯=1
3∑
p=0
3∑
q=0
G qj r¯ G
p
is¯ LΥr(gpq) d¯
r¯s¯.
(5.22)
Applying the Leibniz rule to the first term in the right hand side of (5.22) and then
substituting (5.22) back into (5.20), we obtain
2∑
k=1
Akri dkj +
2∑
k=1
Akrj dik =
1
4
2∑
s¯=1
3∑
q=0
3∑
p=0
2∑
r¯=1
G pj r¯ G
q
is¯
(
Γrqp+
+Γrpq
)
d¯r¯s¯ + LΥr(dij)−
1
4
2∑
s¯=1
2∑
r¯=1
3∑
p=0
3∑
q=0
G qj r¯ G
p
is¯ LΥr(gpq) d¯
r¯s¯.
(5.23)
The next step is to transform Γrqp in (5.23). For this purpose we substitute (5.4)
into the second formula (5.11). As a result we get
Γrqp =
1
2
(
LΥr(gpq) + LΥq(grp)− LΥp(grq)
)
+
+
3∑
s=0
c srq
2
gsp −
3∑
s=0
c srp
2
gsq −
3∑
s=0
c sqp
2
gsr.
(5.24)
When symmetrizing with respect to the indices p and q most of the terms in (5.24)
do cancel each other. The rest of them yield
Γrqp + Γrpq = LΥr(gpq). (5.25)
Substituting (5.25) back into the formula (5.23), we derive
2∑
k=1
Akri dkj +
2∑
k=1
Akrj dik = LΥr(dij). (5.26)
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Comparing (5.26) with (5.8), we find that these formulas are equivalent. Thus
we conclude that for the spinor connection with the components (1.3) the first
concordance condition (5.7) is fulfilled.
Now let’s proceed to verifying the second concordance condition (5.7). Its coor-
dinate presentation is given by the formula (5.9). Let’s begin with the second term
in (5.9). Applying (1.3) to this term, we derive
2∑
k=1
Airk G
ki¯
p =
2∑
k=1
2∑
s¯=1
3∑
q=0
3∑
m=0
Gis¯q Γ
q
rmG
m
ks¯ G
ki¯
p
4
−
−
2∑
k=1
2∑
s¯=1
3∑
m=0
LΥr(G
is¯
m)G
m
ks¯G
ki¯
p
4
−
2∑
u¯=1
2∑
s¯=1
LΥr(d¯s¯u¯) d¯
u¯s¯ Gii¯p
4
.
(5.27)
In a similar way, applying (1.3) to the third term in (5.9), we obtain
2∑
k¯=1
Ai¯rk¯ G
ik¯
p =
2∑
k¯=1
2∑
s=1
3∑
q=0
3∑
m=0
Gi¯sq Γ
q
rmG
m
k¯sG
ik¯
p
4
−
−
2∑
k¯=1
2∑
s=1
3∑
m=0
LΥr(G
i¯s
m)G
m
k¯sG
ik¯
p
4
−
2∑
u=1
2∑
s=1
LΥr(d¯su) d¯
us Gii¯p
4
.
(5.28)
In order to transform (5.28) we apply (2.6), (2.7), and (2.9). This yields
2∑
k¯=1
Ai¯rk¯ G
ik¯
p =
2∑
k¯=1
2∑
s=1
3∑
q=0
3∑
m=0
Gs¯iq Γ
q
rmG
m
sk¯ G
ik¯
p
4
−
−
2∑
k¯=1
2∑
s=1
3∑
m=0
LΥr(G
s¯i
m)G
m
sk¯ G
ik¯
p
4
−
2∑
u=1
2∑
s=1
LΥr(dsu) d
us Gii¯p
4
.
(5.29)
Now we replace s by k and replace k¯ by s¯ in the right hand side of (5.29):
2∑
k¯=1
Ai¯rk¯ G
ik¯
p =
2∑
k=1
2∑
s¯=1
3∑
q=0
3∑
m=0
Gis¯p Γ
q
rmG
m
ks¯ G
ki¯
q
4
−
−
2∑
k=1
2∑
s¯=1
3∑
m=0
Gis¯p G
m
ks¯ LΥr(G
ki¯
m)
4
−
2∑
u=1
2∑
s=1
LΥr(dsu) d
us Gii¯p
4
.
(5.30)
Let’s return back to the formula (5.12) and rewrite it as follows:
2∑
s¯=1
3∑
m=0
LΥr(G
is¯
m)G
m
ks¯ = −
2∑
s¯=1
3∑
m=0
Gis¯m LΥr(G
m
ks¯). (5.31)
There is a formula very similar to (5.31). Here it is:
2∑
k=1
3∑
m=0
Gmks¯ LΥr(G
ki¯
m) = −
2∑
k=1
3∑
m=0
LΥr(G
m
ks¯)G
ki¯
m. (5.32)
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We apply (5.31) to (5.27) and apply (5.32) to (5.30). Then we add these two
formulas. As a result we obtain the following formula:
2∑
k=1
Airk G
ki¯
p +
2∑
k¯=1
Ai¯rk¯ G
ik¯
p =
2∑
k=1
2∑
s¯=1
3∑
q=0
3∑
m=0
(
Gis¯q G
ki¯
p +G
is¯
p G
ki¯
q
)
4
×
×ΓqrmG
m
ks¯ +
2∑
k=1
2∑
s¯=1
3∑
m=0
(
Gis¯m G
ki¯
p +G
is¯
p G
ki¯
m
)
4
LΥr(G
m
ks¯)−
−
2∑
u¯=1
2∑
s¯=1
LΥr(d¯s¯u¯) d¯
u¯s¯Gii¯p
4
−
2∑
u=1
2∑
s=1
LΥr(dsu) d
us Gii¯p
4
.
(5.33)
In order to transform (5.33) we use the formula (4.2) derived from the identity
(1.2). We rewrite this formula as follows:
Gis¯q G
ki¯
p +G
is¯
p G
ki¯
q = G
ii¯
q G
ks¯
p +G
ii¯
p G
ks¯
q − 2 d
ik d¯ i¯s¯ gpq,
Gis¯m G
ki¯
p +G
is¯
p G
ki¯
m = G
ii¯
m G
ks¯
p +G
ii¯
p G
ks¯
m − 2 d
ik d¯ i¯s¯ gpm.
(5.34)
Substituting (5.34) back into the formula (5.33), we derive
2∑
k=1
Airk G
ki¯
p +
2∑
k¯=1
Ai¯rk¯ G
ik¯
p =
2∑
k=1
2∑
s¯=1
3∑
q=0
3∑
m=0
(
Gii¯q G
ks¯
p +G
ii¯
p G
ks¯
q
)
4
×
×ΓqrmG
m
ks¯ +
2∑
k=1
2∑
s¯=1
3∑
m=0
(
Gii¯mG
ks¯
p +G
ii¯
p G
ks¯
m
)
4
LΥr(G
m
ks¯)−
−
2∑
k=1
2∑
s¯=1
3∑
q=0
3∑
m=0
dik d¯ i¯s¯ gpq
2
ΓqrmG
m
ks¯ −
2∑
k=1
2∑
s¯=1
3∑
m=0
dik d¯ i¯s¯ gpm
2
LΥr(G
m
ks¯)−
−
2∑
u¯=1
2∑
s¯=1
LΥr(d¯s¯u¯) d¯
u¯s¯ Gii¯p
4
−
2∑
u=1
2∑
s=1
LΥr(dsu) d
us Gii¯p
4
.
In order to transform this equality we use the first identity (1.1) and the second
formula (5.11). As a result we obtain the equality
2∑
k=1
Airk G
ki¯
p +
2∑
k¯=1
Ai¯rk¯ G
ik¯
p =
3∑
q=0
(
Gii¯q Γ
q
rp +G
ii¯
p Γ
q
rq
)
2
+
+
2∑
k=1
2∑
s¯=1
3∑
m=0
Gii¯mG
ks¯
p
4
LΥr(G
m
ks¯) +
2∑
k=1
2∑
s¯=1
3∑
m=0
Gii¯p G
ks¯
m
4
LΥr(G
m
ks¯)−
−
2∑
k=1
2∑
s¯=1
3∑
m=0
dik d¯ i¯s¯
2
ΓrmpG
m
ks¯ −
2∑
k=1
2∑
s¯=1
3∑
m=0
dik d¯ i¯s¯ gpm
2
LΥr(G
m
ks¯)−
−
2∑
u¯=1
2∑
s¯=1
LΥr(d¯s¯u¯) d¯
u¯s¯ Gii¯p
4
−
2∑
u=1
2∑
s=1
LΥr(dsu) d
us Gii¯p
4
.
(5.35)
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Applying the differential operator (2.15) to the second identity (1.1), we derive
3∑
m=0
Gii¯m LΥr(G
m
ks¯) = −
3∑
m=0
LΥr(G
ii¯
m)G
m
ks¯. (5.36)
The equality (5.36) is similar to (5.31) and (5.32). Now we use the second identity
(1.1) once more in order to perform the following calculations:
0 =
2∑
k=1
2∑
s¯=1
3∑
m=0
LΥr(G
ks¯
m G
m
ks¯) =
2∑
k=1
2∑
s¯=1
3∑
m=0
2∑
q=1
2∑
r¯=1
3∑
n=0
LΥr(G
n
qr¯ ×
× dqk d¯r¯s¯gnmG
m
ks¯) =
2∑
k=1
2∑
s¯=1
3∑
m=0
2∑
q=1
2∑
r¯=1
3∑
n=0
LΥr(G
n
qr¯) d
qk d¯ r¯s¯ gnm×
×Gmks¯ +
2∑
k=1
2∑
s¯=1
3∑
m=0
2∑
q=1
2∑
r¯=1
3∑
n=0
Gnqr¯ LΥr(d
qk d¯r¯s¯ gnm)G
m
ks¯+
+
2∑
k=1
2∑
s¯=1
3∑
m=0
2∑
q=1
2∑
r¯=1
3∑
n=0
Gnqr¯ d
qk d¯r¯s¯ gnm LΥr(G
m
ks¯) =
=
2∑
k=1
2∑
s¯=1
3∑
m=0
2∑
q=1
2∑
r¯=1
3∑
n=0
Gnqr¯ LΥr(d
qk d¯r¯s¯ gnm)G
m
ks¯+
+
2∑
q=1
2∑
r¯=1
3∑
n=0
LΥr(G
n
qr¯)G
qr¯
n +
2∑
k=1
2∑
s¯=1
3∑
m=0
Gks¯m LΥr(G
m
ks¯).
It easy to see that the last two terms in the above formula are equal to each other.
For this reason the above formula is equivalent to
2∑
k=1
2∑
s¯=1
3∑
m=0
Gks¯m LΥr(G
m
ks¯) = −
1
2
2∑
k=1
2∑
s¯=1
3∑
m=0
2∑
q=1
2∑
r¯=1
3∑
n=0
Gnqr¯ LΥr(d
qk d¯ r¯s¯ gnm)G
m
ks¯.
The operator LΥr obeys the Leibniz rule. Therefore, we have
2∑
k=1
2∑
s¯=1
3∑
m=0
Gks¯m LΥr(G
m
ks¯) = −
1
2
2∑
k=1
2∑
s¯=1
3∑
m=0
2∑
q=1
2∑
r¯=1
3∑
n=0
Gnqr¯ LΥr(d
qk)×
× d¯r¯s¯ gnmG
m
ks¯ −
1
2
2∑
k=1
2∑
s¯=1
3∑
m=0
2∑
q=1
2∑
r¯=1
3∑
n=0
Gnqr¯ d
qk LΥr(d¯
r¯s¯)×
× gnmG
m
ks¯ −
1
2
2∑
k=1
2∑
s¯=1
3∑
m=0
2∑
q=1
2∑
r¯=1
3∑
n=0
Gnqr¯ d
qk d¯r¯s¯ LΥr( gnm)G
m
ks¯.
(5.37)
Note that the first formula (5.11), can be rewritten as follows:
2∑
s¯=1
3∑
m=0
d¯r¯s¯ gnmG
m
ks¯ =
2∑
s=1
Gsr¯n dks. (5.38)
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The equality (5.11) itself was derived from (2.3), (2.4), (2.5), and (2.8). By analogy
to it one can derive the following two equalities:
2∑
k=1
3∑
m=0
dqk gnmG
m
ks¯ =
2∑
k¯=1
Gqk¯n d¯s¯k¯, (5.39)
2∑
k=1
2∑
s¯=1
dqkd¯ r¯s¯ Gmks¯ =
3∑
p=0
Gqr¯p g
pm. (5.40)
Now we apply the formulas (5.38), (5.39), and (5.40) to the formula (5.37) and take
into account the identities (1.1). As a result we obtain
2∑
k=1
2∑
s¯=1
3∑
m=0
Gks¯m LΥr(G
m
ks¯) = −2
2∑
k=1
2∑
q=1
LΥr(d
qk) dkq −
− 2
2∑
r¯=1
2∑
s¯=1
LΥr(d¯
r¯s¯) d¯s¯r¯ −
3∑
m=0
3∑
n=0
gnm LΥr( gnm).
(5.41)
From (2.4) and (2.8) by applying the differential operator LΥr to them we derive
2∑
k=1
2∑
q=1
LΥr(d
qk) dkq = −
2∑
k=1
2∑
q=1
dqk LΥr(dkq),
2∑
r¯=1
2∑
s¯=1
LΥr(d¯
r¯s¯) d¯s¯r¯ = −
2∑
r¯=1
2∑
s¯=1
d¯r¯s¯ LΥr(d¯s¯r¯).
(5.42)
Substituting (5.42) into (5.41), we transform (5.41) as follows:
2∑
k=1
2∑
s¯=1
3∑
m=0
Gks¯m LΥr(G
m
ks¯) = 2
2∑
u=1
2∑
s=1
LΥr(dsu) d
us +
+2
2∑
u¯=1
2∑
u¯=1
LΥr(d¯s¯u¯) d¯
u¯s¯
−
3∑
m=0
3∑
n=0
gnm LΥr( gnm).
(5.43)
Now we substitute (5.36) and (5.43) into (5.35). This yields
2∑
k=1
Airk G
ki¯
p +
2∑
k¯=1
Ai¯rk¯ G
ik¯
p =
3∑
q=0
Gii¯q Γ
q
rp
2
+
+
3∑
q=0
Gii¯p Γ
q
rq
2
−
1
2
LΥr(G
ii¯
p )−
3∑
m=0
3∑
n=0
gnm LΥr( gnm)
4
Gii¯p −
−
2∑
k=1
2∑
s¯=1
3∑
m=0
dik d¯ i¯s¯
2
ΓrmpG
m
ks¯ −
2∑
k=1
2∑
s¯=1
3∑
m=0
dik d¯ i¯s¯ gpm
2
LΥr(G
m
ks¯)+
+
2∑
u¯=1
2∑
s¯=1
LΥr(d¯s¯u¯) d¯
u¯s¯Gii¯p
4
+
2∑
u=1
2∑
s=1
LΥr(dsu) d
us Gii¯p
4
.
(5.44)
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Now let’s study the fifth term in the right hand side of the equality (5.44).
Applying the identity (5.40) to (5.44), we derive
2∑
k=1
2∑
s¯=1
3∑
m=0
dik d¯ i¯s¯
2
ΓrmpG
m
ks¯ =
3∑
q=0
3∑
m=0
Γrmp
2
gmq Gii¯q . (5.45)
In order to transform (5.45) we use the formula (5.25). This yields
2∑
k=1
2∑
s¯=1
3∑
m=0
dik d¯ i¯s¯
2
ΓrmpG
m
ks¯ =
=
3∑
q=0
3∑
m=0
gqm LΥr(gpm)
2
Gii¯q −
3∑
q=0
Γqrp
2
Gii¯q .
(5.46)
Substituting (5.46) back into the formula (5.44), we get the following equality:
2∑
k=1
Airk G
ki¯
p +
2∑
k¯=1
Ai¯rk¯ G
ik¯
p =
3∑
q=0
Gii¯q Γ
q
rp+
+
3∑
q=0
Gii¯p Γ
q
rq
2
−
1
2
LΥr(G
ii¯
p )−
3∑
m=0
3∑
n=0
gnm LΥr( gnm)
4
Gii¯p −
−
3∑
q=0
3∑
m=0
gqm LΥr(gpm)
2
Gii¯q −
2∑
k=1
2∑
s¯=1
3∑
m=0
dik d¯ i¯s¯ gpm
2
LΥr(G
m
ks¯)+
+
2∑
u¯=1
2∑
s¯=1
LΥr(d¯s¯u¯) d¯
u¯s¯Gii¯p
4
+
2∑
u=1
2∑
s=1
LΥr(dsu) d
us Gii¯p
4
.
(5.47)
Let’s proceed to the second term in the right hand side of (5.47). From (5.4)
due to the skew symmetry c kij = −c
k
ji we derive the formula
3∑
q=0
Γqrq =
3∑
q=0
3∑
m=0
gqm LΥr(gqm)
2
. (5.48)
Substituting (5.48) back into (5.47), we find that the second term in the right hand
side of this formula cancels the fourth term over there. So we have
2∑
k=1
Airk G
ki¯
p +
2∑
k¯=1
Ai¯rk¯ G
ik¯
p =
3∑
q=0
Gii¯q Γ
q
rp −
1
2
LΥr(G
ii¯
p )−
−
3∑
q=0
3∑
m=0
gqm LΥr(gpm)
2
Gii¯q −
2∑
k=1
2∑
s¯=1
3∑
m=0
dik d¯ i¯s¯ gpm
2
LΥr(G
m
ks¯)+
+
2∑
u¯=1
2∑
s¯=1
LΥr(d¯s¯u¯) d¯
u¯s¯Gii¯p
4
+
2∑
u=1
2∑
s=1
LΥr(dsu) d
us Gii¯p
4
.
(5.49)
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The next step is to transform the fourth term in the right hand side of the formula
(5.49). For this purpose we recall that LΥr is the differential operator (2.15). We
apply the Leibniz rule for this operator. As a result we get
2∑
k=1
2∑
s¯=1
3∑
m=0
dik d¯ i¯s¯ gpm LΥr(G
m
ks¯) =
2∑
k=1
2∑
s¯=1
3∑
m=0
LΥr(d
ik d¯ i¯s¯ gpmG
m
ks¯)−
−
2∑
k=1
2∑
s¯=1
3∑
m=0
LΥr(d
ik) d¯ i¯s¯ gpmG
m
ks¯ −
2∑
k=1
2∑
s¯=1
3∑
m=0
dik LΥr(d¯
i¯s¯) gpmG
m
ks¯−
−
2∑
k=1
2∑
s¯=1
3∑
m=0
dik d¯ i¯s¯ LΥr(gpm)G
m
ks¯ = LΥr(G
ii¯
p )−
2∑
k=1
2∑
q=1
LΥr(d
ik) dkq ×
×Gqi¯p −
2∑
s¯=1
2∑
r¯=1
LΥr(d¯
i¯ s¯) d¯s¯r¯ G
ir¯
p −
3∑
m=0
3∑
q=0
LΥr(gpm) g
qm Gii¯q .
Note that the quantities LΥr(d
ik) and LΥr(d¯
i¯ s¯) form two skew-symmetric 2 × 2
matrices. It is known that any skew-symmetric 2× 2 matrix is proportional to any
other nonzero skew-symmetric 2× 2 matrix. In particular, we can write
LΥr(d
ik) = Ur d
ik, LΥr(d¯
i¯ s¯) = U¯r d¯
i¯ s¯. (5.50)
The coefficients Ur and U¯r in (5.50) can be easily calculated:
Ur =
2∑
i=1
2∑
k=1
LΥr(d
ik)
2
dki = −
2∑
u=1
2∑
s=1
LΥr(dsu) d
us
2
,
U¯r =
2∑
i¯=1
2∑
s¯=1
LΥr(d¯
i¯ s¯)
2
d¯s¯i¯ = −
2∑
u¯=1
2∑
s¯=1
LΥr(d¯s¯u¯) d¯
u¯s¯
2
.
(5.51)
Substituting (5.51) back into (5.50) and using (5.50), we obtain
2∑
k=1
2∑
s¯=1
3∑
m=0
dik d¯ i¯s¯ gpm LΥr(G
m
ks¯) = LΥr(G
ii¯
p ) +
2∑
u=1
2∑
s=1
LΥr(dsu) d
us
2
×
×Gii¯p +
2∑
u¯=1
2∑
s¯=1
LΥr(d¯s¯u¯) d¯
u¯s¯
2
Gii¯p −
3∑
m=0
3∑
q=0
gqm LΥr(gpm)G
ii¯
q .
(5.52)
The last step is to substitute (5.52) back into (5.49). As a result we get
2∑
k=1
Airk G
ki¯
p +
2∑
k¯=1
Ai¯rk¯ G
ik¯
p =
3∑
q=0
Gii¯q Γ
q
rp − LΥr(G
ii¯
p ). (5.53)
Comparing (5.53) with (5.9), we see that these two formulas are equivalent to
each other. This means that for the spinor connection with the components (1.3)
the second concordance condition (5.7) is also fulfilled. As compared to the paper
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[1], in this paper we have verified the formula (1.3) in some other way, though the
calculations here are not less huge than those in [1].
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